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Based on the motivation that some quantum gravity theories predicts the Lorentz Invariance Vio-
lation (LIV) around Planck-scale energy levels, this paper proposes a new formalism that addresses
the possible effects of LIV in the electrodynamics. This formalism is capable of changing the usual
electrodynamics through high derivative arbitrary mass dimension terms that includes a constant
background field controlling the intensity of LIV in the models, producing modifications in the dis-
persion relations in a manner that is similar to the Myers-Pospelov approach. With this framework,
it was possible to generate a CPT-even and CPT-odd generalized modifications of the electrody-
namics in order to study the stability and causality of these theories considering the isotropic case
for the background field. An additional analysis of unitarity at tree level was considered by study-
ing the saturated propagators. After this analysis, we conclude that, while CPT-even modifications
always preserves the stability, causality and unitarity in the boundaries of the effective field theory
and therefore may be good candidates for field theories with interactions, the CPT-odd one violates
causality and unitarity. This feature is a consequence of the vacuum birefringence characteristics
that are present in CPT-odd theories for the photon sector.
Keywords: Lorentz invariance violation, effective field theory, high derivative, photon propagator,
stability, causality, unitarity.
I. INTRODUCTION
Einstein’s theory of General Relativity (GR) and the standard model of particle physics represents together the
most elegant and successful description of nature that exists to date in physics. The first theory describes gravity at
the classical level, while the second encompasses all other phenomena involving interactions between particles at the
quantum level. It is currently expected that in energies close to the Planck scale, more precisely, the Planck mass
MP = 1.22× 1019GeV 1 These two field theories are based on a single, unified, quantum-consistent theory of nature
[1].
The current candidates for Quantum Gravity (QG) theory still face enormous difficulties regarding the possibility
of direct experimental confirmation, since any experiment aimed at identifying the quantum nature of gravity or
space-time would require energies beyond the Planck scale, which is still far from being achieved with current particle
accelerators, such as the Large Hadron Collider (LHC). However, there is the possibility of indirect detection of
possible effects from QG at low energies [2].
One of the possible windows to detect these experimental relics would be through the spontaneous breaking of
space-time symmetries. In the Planck scale, it is believed that space-time ceases to assume a continuous form to
assume a discrete or granular form, with the presence of a minimum fundamental length lP = 1.6 × 10−35m, called
the Planck length. This may suggest that one of the fundamental symmetries of physics, the Lorentz symmetry, can
be broken at this energy level. In fact, it is expected that the Lorentz Invariance Violation (LIV) effect, if it exists,
is very small in a low-energy regime due to various experimental constraints [2], however, it is suggested by Collins et
al [3] that small LIV effects occurring on the Planck scale can be detected at a low energy level.
In spite of the important role played by Lorentz symmetry in fundamental particle physics, in the last two decades
there has been great motivation for studies that consider the possible violation of this symmetry [4]. In fact, the
main candidate QG theories, such as loop quantum gravity [5, 6], the Horava-Lifshitz gravity [7] and string theory [8]
predict that in some cases this may occur in nature.
∗Electronic address: thiago.muniz@ifsertao-pe.edu.br
†Electronic address: passos@df.ufcg.edu.br
1 In the natural units system, Planck’s energy, and Planck’s mass are indistinguishable.
ar
X
iv
:1
91
1.
00
04
8v
2 
 [h
ep
-th
]  
4 N
ov
 20
19
2After Carroll, Field and Jackiw [9] use a background fourvector 2 to study possible effects of LIV on Maxwell’s
electrodynamics, Colladay and Kostelecky [10, 11] elaborated an Effective Field Theory (EFT) in order to investigate
LIV in all sectors of the standard model. This formalism became known as the Standard Model Extension (SME).
The mechanism of the EFT with LIV is to add terms with operators that violate the Lorentz invariance in the
respective Lagrangian of each model, in order to evaluate possible modifications in the equations of motion and in
the dispersion relations of the theory. This method is quite effective for phenomenological purposes, since it provides
a sufficiently robust set of rules for describing LIV effects without the need to know details about any fundamental
theory of QG [2]. In fact, many QG models can be reduced to an EFT with LIV, as shown in Refs.[12–14].
The LIV operators may be renormalizable, i.e. with mass dimension 3 or 4 (on which the SME concentrates),
or they may be non-renormalizable, having dimensions equal to or greater than 5. The LIV operators of dimension
5 were first introduced in pioneering work by Myers and Pospelov, who discovered high-order modified dispersion
relations from an EFT for the scalar, fermionic, and electromagnetic sectors. Non-renormalizable operators have
generally gained more prominence in recent years because of the possibility that terms can be suppressed by Planck’s
energy/mass scale. In this way, these operators could somehow probe possible relics of effects arising from phenomena
in the QG scale. In this work, we will propose a formalism to study LIV using a differentiated EFT model through
an isotropic background vector.
Several papers have focused on working with modified dispersion relations (which may be from adjacent EFT) to
study possible impacts that LIV can induce phenomenologically, as seen in Refs[15, 16]. The most common example of
such concepts in phenomenology is astrophysical or cosmological events with the emission of highly energetic particles.
Such events may promote a cumulative LIV effect due to the enormous distances from the sources and the expansion
of the Universe, and may bring hope to validate or invalidate LIV theories. Some authors have pointed out that an
LIV effect occurring in the production of electromagnetic waves, specially in gamma-ray bursts [17–21] can result in
considerable changes in the photons propagation from distant sources, and may even suggest birefringence effects in
the vacuum [9].
The outline of this paper is as follows. In Sec. II, we review the famous Myers-Pospelov model for electrodynamics,
pointing out some peculiarities of the isotropic case. In Sec. III, we introduce a new formalism for LIV CPT-even
and CPT-odd operators with an arbritrary mass dimension in Maxwell’s electrodynamics, creating modified wave
equations and dispersion relations. We also did an consistency analysis of the modified theories through stability,
causality, and unitarity. In Sec. IV we present the final considerations. In this work, we use the natural unit system,
where c = ~ = 1. The background metric used is the Minkowski metric, with the convention ηµν = diag(1,−1,−1,−1).
II. THE MYERS-POSPELOV PHOTON-SECTOR MODEL REVISITED
In order to study LIV effects on the Planck scale, Myers and Pospelov elaborated an EFT based on high-order
operators with the presence of a constant fourvector interacting with the scalar, fermionic and electromagnetic fields.
They proposed the construction of modified lagrangians which can be added in the usual lagrangian of each sector in
order to obtain modified dispersion relations. These lagrangians obey the following criteria: (i) they are quadratic in
the fields; (ii) are invariant by gauge transformations; (iii) are invariant by Lorentz transformations, except for the
presence of an external fourvector uλ; (iv) are not reducible to low dimension operators by the equations of motion;
(v) are not reducible to a total derivative; (vi) have one more derivative than the usual term.
The motivation for creating a high derivative EFT that violates Lorentz invariance lies in the fact that the terms
can be suppressed by a certain scale of energy where quantum gravitational effects may appear. At this energy
level, space-time is expected to take a discrete form, thus justifying that the Lorentz symmetry, being a continuous
symmetry, would be broken in this scenario.
The modified Myers-Pospelov term for the photon sector consists of an CPT-odd term, that is, it violates the CPT
invariance by a signal. The term proposed by them is given by [22]
LMP = ξ
2MP
Fµαu
αuβ(u · ∂)F˜µβ . (1)
where ξ is a dimensionless parameter that controls the LIV, uα is the background fourvector, MP is the Planck mass
and F˜µβ = 12
µβρσFρσ is the dual Maxwell tensor. By adding this lagrangian to the usual Maxwell lagrangian plus
2 An external field of unknown origin
3the source term one can get the following equation of motion in the Lorentz gauge [23]:
2Aν + 2
ξ
MP
ναλσuα(u · ∂)2∂λAσ = jν (2)
which produces, in the absence of sources (jν = 0), the covariant dispersion relation
k2 ± ξ
MP
(u · k)2[(u · k)2 − u2k2]1/2 = 0. (3)
Myers and Pospelov [22] has considered for analysis the time-like case, which is uλ = (1,~0). This is also called isotropic
model 3. Thus, for |~k| < MP /(2ξ), the (3) can be approximated by
ω ≈ |~k| − λ ξ
MP
|~k|2 (4)
which may induces a sub-luminal group velocity for photons that are under the LIV effect.
III. HIGH DERIVATIVE GENERALIZED LIV EXTENSION FOR ELECTRODYNAMICS
In this section, we will create lagrangians with arbitrary mass dimension d ≥ 3 for the electromagnetic sector. Such
terms must comply with all the criteria established by Myers and Pospelov, except (vi), since we want to generate
high derivative terms in a generalized way.
The effects of the LIV can be inserted from a modification of the flat space-time metric tensor ηαβ . This modification
can consist of adding a non-dynamic fourvector uλ to the metric, which we will call external fourvector (or background
field). This approach can be given in the form
ηαβ → η¯αβ = ηαβ − ξuαuβ , (5)
where ξ is a dimensionless parameter that controls the intensity of the LIV. By setting the parameter to be positive,
the minus sign will ensure that the modified theory does not have superluminal behavior.
Now we are going to analyze the impact of this perturbation on the metric in the usual Maxwell lagrangian without
source term, which can be written in terms of the dual tensors of the electromagnetic field in the form
LMaxwell = 1
4
F˜µν F˜ ρσηµρηνσ. (6)
Inserting Eq.(5) in Eq.(6), we retrieve the Maxwell lagrangian added with the following extension:
Lext = −ξ
2
F˜µν F˜ ρσηµρuνuσ. (7)
In this sense, the effects of LIV are completely characterized by the presence of the uλ fourvector. Note that the
above lagrangian is invariant by gauge transformation δAµ = ∂µΛ. The contribution given in (7) is known in the
literature as aether-like Lorentz violation term 4 [24].
By define the operator
Πµν ≡ µνρσuρ∂σ, (8)
witch is anti-symmetric and has the properties ∂µΠ
µν = 0 and uµΠ
µν = 0, besides the comutation propertie ΠµνΠρσ =
ΠρσΠµν , we can rewrite the action associated with (7) in a compact form in terms of the gauge fields up to a surface
term as
Sext = −
∫
d4x
ξ
2
AµΠ
µ
ρΠ
ρνAν . (9)
3 because it guarantees that the external field do not provide preferential spatial directions.
4 This term originally appeared in the study of theories with extra dimensions.
4It is possible to see that this term is invariant by CPT transformation, and thus is classified as CPT-even.
Now we can elaborate a generalization to LIV operators with arbritary mas dimension d in the form
ξΠµρΠ
ρν → ξ(d)
Md−4P
(
Πµρ
)l(
Πρν
)m
. (10)
where MP is Planck mass, and d = 2 + l+m is the mass dimension of the operator. The notation
(
Πµν
)l
refers to a
contraction of l tensors Πµν , with the first index of an operator contracted with the second index of the subsequent.
Thereby, we can obtain the general action
Sext → S˜ext = −
∫
d4x
ξ(d)
Md−4P
Aµ
(
Πµρ
)l(
Πρν
)m
Aν . (11)
One can show the following proprietries of Πµν operator:
ΠµνΠνµ = 2Dˆ;
ΠµκΠ
κν = Dˆδνµ − u2∂ν∂µ + uν(u · ∂)∂µ − uνuµ2+ (u · ∂)uµ∂ν ,
(12)
where Dˆ ≡ u22− (u · ∂)2.
Using the second relation of Eq.(12), it is easy to see that a contraction between three operators Πµν will result in
ΠµρΠρλΠ
λν = ΠµρDˆδνρ = Π
µνDˆ. (13)
According (12) and (13), we were able to elaborate table 2.1, that shows the format of the LIV operators and their
respectives classifications under CPT transformations. The CPT-odd terms violates CPT invariance by a minus sign.
It is interesting to see that, if we perform the transformation Aρ → 1MP ΠρσAσ in a dimension d term, one obtains a
dimension d+ 1 term.
TABLE III A: LIV operators in electrodynamics
Dimension (d) Operator CPT
d = 4 ξ(4)AµΠ
µρΠ νρ Aν Even
d = 5
ξ(5)
MP
AµΠ
µνDˆAν Odd
d = 6
ξ(6)
M2P
AµΠ
µρΠ νρ DˆAν Even
d = 7
ξ(7)
M3P
AµΠ
µνDˆ2Aν Odd
d = 8
ξ(8)
M4P
AµΠ
µρΠ νρ Dˆ
2Aν Even
...
...
...
From the table, we can see that the operators can be constructed respecting basically a format for CPT-even and
another format for CPT-odd, only increasing successively the powers of Dˆ operator. It is interesting to see that the
CPT-odd term can be seen as a high derivative generalization of the CFJ term, which is a term with mass dimension
d = 3, and can be written in our notation as ξ(3)MPAαΠ
αβAβ .
In order to include the CFJ term, we can write the generalized CPT-even and CPT-odd actions for d ≥ 3 separately
in the forms:
SCPT−even
(d¯)
= −1
2
∫
d4x
ξ(d¯)
M2nP
AµΠ
µρΠ νρ Dˆ
nAν ; (14)
SCPT−odd
(d˜)
= −1
2
∫
d4x
ξ(d˜)
M2n−1P
AµΠ
µνDˆnAν , (15)
where n = (0, 1, 2, 3, · · · ), d˜ = 3 + 2n and d¯ = 4 + 2n. For n = 0, the odd term restores the CFJ term, while the even
part restores the dimension d = 4 term (9). For n > 0, we obtain the high derivative terms in which we are interested.
The lagrangians densities contained in these actions satisfy the five Myers-Pospelov criteria previously established.
5We can rewrite (14) and (15) in terms of electromagnetic dual tensor
SCPT−even
(d¯)
=
∫
d4x
ξ(d¯)
2M2nP
uαuβF˜µαDˆ
nF˜µβ ; (16)
SCPT−odd
(d˜)
=
∫
d4x
ξ(d˜)
2M2n−1P
uσAµDˆ
nF˜µσ (17)
The operators included in the above actions can be written as pieces of CPT-even (KF ) and CPT-odd (KAF )
operators present in SME framework, that was created by Ref.[11], and generalized by Refs.[25, 26]. The relation
between these frameworks was exposed in Appendix A. Therefore, the framework proposed in this work, which started
from the motivation and the criteria originally used by Myers and Pospelov, consists of a very useful simplification of
the generalized SME for the photon sector, since in this way, we can analyze the entire behavior of the LIV through
the nature of the background field.
In this work, we will focus on investigating Lorentz violations by boost transformations. For this, we will always
assume that the background fourvector uλ is time-like, having the form uλ = (1,~0), with the time component
normalized in terms of the ξ parameter. With this approach, we are excluding anisotropic effects that may exist in
space-time due to LIV.
A. CPT-even extension
In this section we are going to analyse the modified electrodynamics associated with CPT-even term (14). In this
way, we start from the action
S =
∫
d4x
(
− 1
4
FµνF
µν + jµA
µ +
ξ(d¯)
2M2nP
AµΠ
µρΠ νρ Dˆ
nAν
)
. (18)
The equation of motion that can be obtained is
δS
δAµ
= 2Aµ − ∂µ∂νAν −
ξ(d¯)
M2nP
ΠµλΠ
λαDˆnAα + jµ
= 2Aµ − ∂µ∂νAν +
ξ(d¯)
M2nP
Dˆn
(
− DˆAµ + uνuµ2Aν − uµ∂ν(u · ∂)Aν − uν∂µ(u · ∂)Aν
+ u2∂µ∂νA
ν
)
+ jµ = 0. (19)
To investigate the propagation of electromagnetic waves and obtain the covariant dispersion relation of the theory,
we can consider a space in the absence of sources, that is, jµ = 0. Using the Lorentz gauge ∂µA
µ = 0 and the axial
gauge uµA
µ = 0 on (19), we get (
2− ξ(d¯)
M2nP
Dˆn+1
)
Aµ = 0. (20)
In the momentum space (∂µ → −ikµ ), we get the following covariant dispersion relation
k2 +
ξ(d¯)
M2nP
Dn+1 = 0, (21)
in which D = Dˆ(∂µ → −ikµ) = (u · k)2 − u2k2.
In the isotropic model, where uα = (1,~0), the equation (21) results in
ω = ±|~k|
√
1− ξ(d¯)
M2nP
|~k|2n. (22)
It is important to note that usual case ω = ±|~k| is recovered when ξ(d) → 0. The group velocity obtained from (22)
is
vg =
dω
d|~k|
=
1− ξ(d¯)
M2nP
(n+ 1)|~k|2n√
1− ξ
M2nP
|~k|2n
, (23)
6while the phase velocity is expressed by
vp =
ω
|~k|
=
√
1− ξ(d¯)
M2nP
|~k|2n, (24)
thus characterizing a dispersive medium.
Now, we will analyze the consistency of the theory in the isotropic model model through stability, causality and
unitarity. These three conditions are indispensable so that the theory can be quantized in accordance with the methods
of quantum field theory.
1. Stability
The stability is guaranteed when the energy of the particle is real and positive. This occurs if ω2 ≥ 0. Starting from
the dispersion relation of CPT-even modified electrodynamics (22), we see that the theory is stable if ξ(d¯) ≤ M
2n
P
|~k|2n .
Then, the CPT-even preserves stability for any positive values of ξ(d¯) in the interval 0 ≤ ξ(d¯) ≤ M
2n
P
|~k|2n .
For the CPT-even d¯ = 4 case (n = 0), the stability is guaranteed if ξ(d¯=4) ≤ 1. This is largely expected in
phenomenology, since in this case the LIV effects are expected to be very small and fully controlled by the parameter
ξ. For high-derivative CPT-even cases with d¯ ≥ 6 (n ≥ 1), if we assume that LIV effects occurs exactly at the Planck
scale, then we can consider ξ(d¯≥6) = 1, and the stability condition will be |~k| ≤ MP . In fact, the phenomenology
requires that the momentum |~k| of the particles be smaller than the Planck mass MP . Thereby, the isotropic CPT-even
modification in the boundaries of effective field theory is stable.
2. Causality
Causality is maintained when there are no superluminal (tachionic) modes in the theory, that is, when the conditions
vg ≤ 1 and vfront ≤ 1 are satisfied, in which vfront is called front velocity, and it is defined by the maximum phase
velocity over all possible values of |~k|.
Starting from the (23), we see that the subluminal group velocities are guaranteed if the following inequation was
satisfied:
1− ξ(d¯)
M2nP
(n+ 1)|~k|2n ≤
√
1− ξ(d¯)
M2nP
|~k|2n, (25)
what happens for 0 ≤ ξ(d¯) ≤ M
2n
P
|~k|2n , which agrees with the stability condition.
Using the phase velocity (24), for |~k| ∼MP , the front velocity becomes
vfront =
√
1− ξ(d¯) (26)
Therefore, causality is generally maintained for 0 ≤ ξ(d¯) ≤ 1. In general this interval for ξ parameter is strongly
supported by what is expected of phenomenology, as we discussed above in the stability regime.
We can consider (22) taken until the first order of approximation in |~k|,
ω ≈ ±|~k|
(
1− 1
2
(g|~k|)2n
)
(27)
where5 g ≡ ξ/MP , with |~k| < g−1. By the equation (27), we can plot a gω versus g|~k| graph, to the cases d = 4,
d = 6 and d = 8, as shown in figure 1.
We see that all cases concentrate outside the light cone, which guarantees causality by the sub luminal behavior
of the photons. Stability is only guaranteed by small values of momentum |~k|, as previously discussed, since the
prolongation of the d ≥ 6 curves would induce negative energies.
5 We had considered an arbritary value of ξ.
7FIG. 1: Graph from modified dispersion relations in the CPT-even electrodynamics
3. Unitarity
Unitarity is related to the property of the scattering matrix of quantum field theory. This condition guarantees
hermiticity, that is, it ensures that the states defined in the Hilbert space have positive norms. When there are states
of negative norm, the theory will be non-unitary, and we have the so-called ghost modes.
The unitarity can be verified through Feynman’s saturated propagator of the theory. If its residue is always positive,
the theory will be unitary; if it is null, the theory is non-physical, since that does not contribute to computation in
the scattering matrix in interactions between particles; and if it assume negative values, the theory is non-unitary
and have ghost modes.
First, let us compute the Feynman propagator associated with the CPT-even theory. For this, we will add Feynman’s
gauge fixing term − 12 (∂µAµ)2 in the action (18) without the source term. Then, we start from action
S =
∫
d4x
(
− 1
4
FµνF
µν − ξ(d¯)
M2nP
AσΠσµΠ
µλDˆnAλ − 1
2
(∂µA
µ)2
)
, (28)
that results in
S =
∫
d4x
1
2
Aσ
(
2δλσ −
ξ(d¯)
M2nP
ΠσµΠ
µλDˆn
)
Aλ. (29)
We can rewrite the above action as
S =
∫
d4x
1
2
AσOλσAλ, (30)
where
Oλσ = 2ηλσ − ξ(d¯)
M2nP
ΠσµΠ
µλDˆn, (31)
is called wave operator. The propagator is the inverse of this operator, and can be obtained by the identity
Oλσ∆λρ = iδσρ . (32)
After some algebra, the propagator obtained in the momentum space is
∆λρ(k) =
i
k2
(
k2 +
ξ(d¯)
M2nP
Dn+1
)[− ξ(d¯)
M2nP
Dn[D + (u · k)2]kλkρ
k2
− k2ηλρ
− ξ(d¯)
M2nP
Dn(u · k)(uλkρ + uρkλ)−
ξ(d¯)
M2nP
k2Dnuλuρ
]
. (33)
8Analysing the denominator, we have two poles: k2 = 0 and k2 +
ξ(d¯)
M2nP
Dn+1 = 0. The first one consists in the usual
dispersion relation, while the second one, in the modified dispersion relation found in (21). It is interesting to note
that, in the limit ξ(d¯) → 0, we recover the usual photon propagator in Feyman gauge [27],
∆usualλρ (k) = −
i
k2
ηλρ. (34)
Now, the saturated propagator is defined by
SP = Jλ∆λρ(k)J
ρ, (35)
where Jµ is a conserved current, that is, ∂µJ
µ = 0, which in the momentum space results in kµJ
µ = 0. Inserting (33)
in (35), we are taken to
SP = −
i[J2 +
ξ(d¯)
M2nP
Dn(u · J)2]
k2 +
ξ(d¯)
M2nP
Dn+1
, (36)
where J2 ≡ JµJµ. In the isotropic case, the saturated propagator will be
SP = −i
J2 +
ξ(d˜)
M2n−1P
|~k|2nJ20
k2 +
ξ(d˜)
M2n−1P
|~k|2n+2
. (37)
To simplify the problem we can make the choice kµ = (ω, 0, 0, k3) without loss of generality[28]. With this, we can
obtain Jµ = (J0, J1, J2,
ωJ0
k3
). Then, the (36) turns in
SP =
−i
(
J20 − J21J22 − ω
2J20
k23
+
ξ(d¯)
M2nP
k2n3
)
ω2k23(1−
ξ(d¯)
M2nP
k2n3 )
. (38)
With this, we can computate the residue in the pole ω2 → k23(1− ξ(d¯)M2nP k
2n
3 ), which leads us to the result
Res[SP ]|
ω2→k23(1−
ξ(d¯)
M2n
P
k2n3 )
= i(J21 + J
2
2 ), (39)
which is always positive. Therefore, the CPT-even modified Maxwell’s theory is unitary.
B. CPT-odd extension
In this section we will study the case of electrodynamics modified by CPT-odd LIV term (15). We start from the
action
S =
∫
d4x
(
− 1
4
FµνF
µν + jµA
µ −
ξ(d˜)
2M2n−1P
AµΠ
µνDˆnAν
)
, (40)
whose equation of motion is
δS
δAµ
= 2Aµ − ∂µ∂νAν + jµ −
ξ(d˜)
M2n−1P
ΠµνDˆ
nAν = 0. (41)
Now, considering the vacumm in abscence of sources and the choice of Lorentz gauge ∂λA
λ = 0, the (41) turns in[
ηµν2−
ξ(d˜)
M2n−1P
ΠµνDˆ
n
]
Aν = 0. (42)
9In the momentum space, we obtain [
k2ηµν +
ξ(d˜)
M2n−1P
Π˜µνD
n
]
Aν = 0, (43)
where Π˜µν = Πµν(∂α → −ikα) = −iρσµνuρ∂σ. To obtain the covariant dispersion relation, we can multiply the
above equation by its conjugate k2ηρµ − ξ(d˜)
M2n−1P
Π˜ρµDn. After some algebra, we come to
[
(k2)2 −
(
ξ(d˜)
M2n−1P
)2
D2n+1
]
Aρ = 0. (44)
and lastly, the dispersion relation
k2 − λ
ξ(d˜)
M2n−1P
Dn+
1
2 = 0, (45)
in which λ = ±1 are the two polarization modes of electromagnetic waves in presence of CPT-odd LIV extension.
Again, considering the isotropic case uµ = (1,~0), (45) yields
ω± = |~k|
√
1 + λ
ξ(d˜)
M2n−1P
|~k|2n−1. (46)
thereby, we can see that the group velocity has the form
vg =
dω
d|~k|
=
1 + (n+ 12 )λ
ξ(d˜)
M2n−1P
|~k|2n−1√
1 + λ
ξ(d)
M2n−1P
|~k|2n−1
, (47)
while the phase velocity is
vp =
ω
|~k|
=
√
1 + λ
ξ(d˜)
M2n−1P
|~k|2n−1. (48)
it can be seen that the CPT-odd LIV modification imposes two different polarization modes, since the group and
phase velocities of the two polarization modes will be different. This suggests that the vacuum itself would behave
as a birefringent medium, in addition to being dispersive, as in the case of CPT-even modification. This behavior
was already expected, since that our CPT-odd framework consists in a generalization of CFJ and Myers-Pospelov
CPT-odd modifications.
1. Stability
From the dispersion relation (46), the stability condition is 1+λξ(d˜)
M2n−1P
|~k|2n−1 ≥ 0, that depends of the two polarization
modes λ = ±1. For λ = +1, the stability is guaranteed in all cases, for any positive values of ξ(d˜). For λ = −1, the
stability could be maintained for the same reason that we discussed in the CPT-even case. Thereby, the CPT-odd
theory is in general stable.
2. Causality
From (47), we see that the subluminal group velocities will be associated to the following inequality
1 +
(
n+
1
2
)
λ
ξ(d˜)
M2n−1P
|~k|2n−1 ≤
√
1 + λ
ξ(d˜)
M2n−1P
|~k|2n−1. (49)
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For λ = −1, the causality is assured for 0 ≤ ξ(d˜) ≤ M
2n−1
P
|~k|2n−1 , with n > 0, analogously to the CPT-even case. However,
for λ = +1, the above inequality is not obeyed for any positive values of ξ(d˜).
From the phase velocity (48), for |~k| ∼MP , we obtain
vfront =
√
1 + λξ(d˜), (50)
what implies that, while λ = −1 brings the same causality condition analysed in the CPT-even case, λ = +1 however
corresponds to a superluminal signal, and therefore a non-causal mode of propagation.
We can consider the analysis of the first-order approximation in |~k| of the equation (46),
ω± ≈ |~k|
(
1 +
1
2
λ(y|~k|)2n+1
)
, (51)
where y ≡ ξ/MP , in which |~k| < y−1. We can analyze the causal behavior of the theory by a yω versus y|~k| graph,
for the cases d = 3, d = 5 and d = 7, as shown in Figure 2.
FIG. 2: Graph of the CPT-odd modified disperion relations.
We see that the modes λ = +1 are inside the light cone, which indicates a super luminal behavior. Therefore,
the modified CPT-odd theory in the isotropic case is non-causal, since one of the polarization modes always in-
duces the existence of tachyons. This analysis agrees with the analysis made by the Ref.[23], which shows that the
electrodynamics modified with the CPT-odd Myers-Pospelov term is also generally non-causal in the isotropic case.
3. Unitarity
To get the propagator of CPT-odd electrodynamics extension propagator, we consider the action (40) without the
source term in addition to gauge fixing term
S =
∫
d4x
(
− 1
4
FµνF
µν −
ξ(d˜)
M2n−1P
AµσΠµνDˆ
nAν − 1
2
(∂µA
µ)2
)
, (52)
that results in
S =
∫
d4x
1
2
Aσ
(
2δλσ −
ξ(d˜)
M2n−1P
ΠλσDˆn
)
Aλ. (53)
Rewriting the above action as
S =
∫
d4x
1
2
AσO˜λσAλ, (54)
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where
O˜λσ = 2ηλσ −
ξ(d˜)
M2n−1P
ΠλσDˆn (55)
is the wave operator, we can obtain the propagator according to the identity (32). After some algebra, the propagator
in the momentum space is
∆˜λρ(k) = − i
k2
(
k4 −
(
ξ(d˜)
M2n−1P
)2
D2n+1
)[( ξ(d˜)
M2n−1P
)2
D2nu2k2
kλkρ
k2
+ k4ηλρ −
ξ(d˜)
M2n−1P
Dnk2Π˜λρ
− i
(
ξ(d˜)
M2n−1P
)2
D2n(u · k)
(
uλkρ + uρkλ
)
+
(
ξ(d˜)
M2n−1P
)2
D2nk2uλuρ
]
. (56)
Analysing that, we have two poles: k2 = 0, which is the usual disperion relation, and k4 − ξ(d˜)
M2n−1P
D2n+1 = 0, which
is the modified dispersion relation (45). We see that, in the limit ξ(d˜) → 0, we retrieve the usual photon propagator
(34).
The saturated propagator obtained from (56) will be
SP = −
i
[
k2J2 +
(
ξ(d˜)
M2n−1P
)2
|~k4n|J20
]
(k2)2 −
(
ξ(d˜)
M2n−1P
)2
|~k|4n+2
. (57)
Making the choice kµ = (ω, 0, 0, k3), we obtain
SP =
−i
[(
ω2 − k23
)(
J20 − J21 − J22 − ω
2J20
k23
)
+
(
ξ(d˜)
M2n−1P
)2
k4n3 J
2
0
]
ω2 − k23(1±
ξ(d˜)
M2n−1P
k2n−13 )
. (58)
thereby, we have two simple pole ω → m2±, where m2± = k23(1±
ξ(d˜)
M2n−1P
k2n−13 ). The residue from (58) is
Res[SP ]|ω2→m2± = ±
i
2
(−J21 − J22 ). (59)
Clearly we see that the residue is not positive-definite. Therefore, the theory is not unitary. In this case, the
birefringent polarization modes induces the appearance of ghost modes in the model. This result agrees with the
Ref.[28], which showed that the modified electrodynamics with CPT-odd Myers-Pospelov isotropic model also violates
the unitarity due to the birefringent modes.
IV. CONCLUSIONS
In this work, we elaborate a new framework in the form of an effective field theory with the creation of modified
lagrangians with high derivative operators in order to include the LIV effects through the presence of an isotropic
background field in Maxwell’s electrodynamics.
These modified LIV formalism for electrodynamics simplify the consistency analysis of theses theories, in comari-
sion to the SME framework. The dispersion relations in the isotropic case of these models shows that CPT-even
modification preserves stability, causality and unitarity in the boundaries of effective field theory. In this way, the
CPT-even electrodynamics in isotropic case may be a good candidate for quantum field theories with interactions,
and therefore deserve further study in this regard.
However, the CPT-odd electrodynamics violates causality and unitarity, inducting the appearance of ghost and
tachionic modes. This feature is probably a consequence of the different polarization modes that appears in the
dispersion relation, suggesting that the vacuum has birefringence characteristics. This strange, but interesting possible
nature for the vacuum is always present in the discussions about CPT-odd theories for the photon sector, but there
is no experimental confirmation for this idea so far.
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The phenomenological studies already carried out, mainly with astrophysical experiments of gamma-ray bursts,
imposed large restrictions in the values of the parameters ξd=5 and ξd=6, as seen for example in Ref.[29], indicating
that perhaps the energy scale where the LIV effects may occur are even larger than the scale defined by the Planck
mass. This may indicate that Lorentz’s invariance may be an exact symmetry of nature, or that the framework of
effective field theory may be insufficient to probe such effects [2].
However, it is encouraging that future advances in experimental accuracies of measurements can give us a better
perspective on the study of these possible relics of a more fundamental theory of quantum gravity. In a general way,
a more in-depth theoretical study in this sense can help us to understand the real origins of this possible space-time
symmetry breaking.
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Appendix A: High-derivative operators and the non-minimal Standard Model Extension
We can verify that Eq.(14) could be rewritten as a piece of the CPT-even photon term of the SME stablished in
Ref.[11]. In this framework, the CPT-even piece is given by
LCPT−evenSME = −
1
4
(KF )µναβF
µνFαβ
= −1
4
(KF )µναβA
µ∂ν∂αAβ . (A1)
where the tensor (KF )µναβ is antisymmetric in changing the first two and the last two indexes, and symmetric by
changing the first pair with the second pair of indexes, that is
(KF )µναβ = −(KF )νµαβ = −(KF )µνβα = (KF )αβµν , (A2)
and it has null double trace: (KF )
ρσ
ρσ = 0.
This tensor has 19 independent components, in which 10 are associated to birefringent effects. An interesting way
to parametrize the 9 non-birefringent components of (KF ) consists to rewrite it in terms of a symmetric tensor Cµν
in the form [8, 30–32]
(KF )µναβ =
1
2
(
ηµαCνβ − ηναCµβ + ηνβCµα − ηµβCνα
)
, (A3)
where
Cτκ = uτuκ − 1
2
u2ητκ. (A4)
Inserting above equations in the lagrangian given in Eq.(A1), we can compare with Eq.(14) for d = 4, and infer that
LCPT−evenSME = −LCPT−even(4) . Based on this, we can write the coefficient KF in terms of the background fourvector as
(KF )µναβ = −ξ(4)µνρλαβστητλuρuσ. (A5)
The CPT-odd SME piece for photon sector is given by
LCPT−oddSME =
1
2
κλµνAλ(KAF )κFµν
= κλµνAλ(KAF )κ∂µAν , (A6)
where (KAF )κ is a fourvector with mass dimension. By comparison with Eq.(15) for d = 3, we can rewrite the Eq.(A6)
in the form
(KAF )κ = ξ(3)Mγuκ. (A7)
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The papers in Refs.[25, 26] had constructed a generalization in order to include high-derivative operators with mass
dimension d > 4. The even and odd pieces of this non-minimal SME are written as
LSME−even
(d¯)
= −1
4
(K(d¯)F )µναβAµ∂ν∂αAβ ; (A8)
LSME−odd
(d˜)
= κλµνAλ(K(d˜)AF )κ∂µAν , (A9)
where
(K(d¯)F )µναβ = (K(d¯)F )µναβρ1···ρ(d¯−4)∂ρ1 · · · ∂ρ(d¯−4) ,
(K(d˜)AF )κ = (K(d˜)AF )
ρ1···ρ(d˜−3)
κ ∂ρ1 · · · ∂ρ(d˜−3) . (A10)
Using Eq.(A7) and Eq.(A5), we can write
(K
(d¯)
F )µναβω1···ω(d¯−4) = −
ξ(d)
M d¯−4γ
µνρλαβστη
τλuρuσXω1···ω(d¯−4) ;
(K
(d˜)
AF )
α1···α(d˜−3)
κ =
ξ(d′)
M d˜−4γ
uκQ
α1···α(d˜−3) , (A11)
where Q and X are symmetric tensors.
Through an rapid analysis, one can easily notices that the generalized terms proposed in Eq.(14) and Eq.(15) can
be rewritten as the coefficients defined above, with Q and X written in terms of the background fourvector uλ.
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